We have introduced Faddeev-Niemi type variables for static SU(3) Yang-Mills theory. The variables suggest that a non-linear sigma model whose sigma fields take values in SU(3)/(U(1)xU(1)) and SU(3)/(SU(2)xU(1)) may be relevant to infrared limit of the theory. Shabanov showed that the energy functional of the non-linear sigma model is bounded from below by certain functional. However, Shabanov's functional is not homotopy invariant, and its value can be an arbitrary real number -therefore it is not a topological charge. Since the third homotopy group of SU(3)/(U(1)xU (1)) is isomorphic to the group of integer numbers, there is a non-trivial topological charge (given by the isomorphism). We apply Novikov's procedure to obtain integral expression for this charge. The resulting formula is analogous to the Whitehead's realization of the Hopf invariant.
I. INTRODUCTION
Faddeev and Niemi introduced new variables for the SU(2) Yang-Mills theory [1] , which reveal a structure of Faddeev-Skyrme non-linear sigma model [2] in the Lagrangian. The non-linear sigma model is expected to have topologically non-trivial excitations: in the static case, one assumes boundary conditions that compactify the domain to S 3 , and therefore the sigma field, being a map from S 3 to S 2 , is characterized by the third homotopy group of the sphere π 3 (S 2 ). The corresponding topological charge is given by the Hopf integral. It bounds from below the energy functional of the Skyrme-Faddeev model [3] . This property suggested, that there are topologically non-trivial solutions of the model. Numerical investigations [4] showed that such solutions indeed may exist.
We proposed a Faddeev-Niemi type decomposition for the static SU(3) Yang-Mills theory that reveals a structure of a non-linear sigma model in the Lagrangian [5] . The non-linear sigma model has been introduced by Faddeev and Niemi as a generalization of the Faddeev-Skyrme model that may be relevant to infrared limit of SU(3) Yang-Mills theory [6] . In this model the sigma fields take values in SU(3) (U(1) × U(1)) and SU(3)/(SU(2)×U(1)) [6] . Given a map g ∶ S 3 → SU(3), the sigma fields are
where κ a = − i √ 2 λ a , a ∈ {1, 2, . . . , 8} form a basis of su (3) , λ a are the Gell-Mann matrices. On the orbits SU(3) (U(1)× U(1)) and SU(3)/(SU(2)×U(1)) there are natural symplectic forms, called the Kirillov-Kostant symplectic forms. The pull-backs of those forms via the maps n and m, respectively, are:
where such that F = dA, G = dB. Shabanov showed, that the energy functional of the non-linear sigma model is bounded from below by a functional Q S [7] :
Note, that we do not write the dependence on m. It is because m is completely determined by n. For more details on this issue, see the beginning of the section IV.
The problem is that the functional Q S is not homotopy invariant and its value can be an arbitrary real number. The problem is illustrated on the following examples. Let U ∶ S 3 → SU(2) be a map whose degree is 1, i.e.
where σ i are the Pauli matrices. It is easy to calculate, that the Wess-Zumino invariant for this map is:
It means in particular that the map g 1 is not homotopic to a constant map. On the other hand
. The Shabanov functional takes the value zero also on the constant map. From the long exact sequence for fibration (see e.g. [8] ):
it is easy to infer, that the homotopy groups π 3 (SU(3)) and π 3 (SU(3) (U(1) × U(1))) are isomorphic, and the isomorphism is given by the projection π ∶ SU(3) → SU(3) (U(1) × U (1)). This means that n 1 is not homotopic to a constant map, however the value of the Shabanov functional on both maps is equal 0. Therefore the Shabanov functional is not homotopy invariant. Moreover, a value of the Shabanov functional can be an arbitrary real number. To see this, consider a map
Consider also a map g
.
Calculating the corresponding Shabanov charges at each instant t we obtain a continuous function t ↦ Q . Obviously, the reasoning can be repeated for a map U ∶ S 3 → SU(2) with arbitrary degree and therefore the possible values of Q S is the whole set of real numbers.
Our goal is to construct a functional Q, such that for each g ∶ S 3 → SU(3) it satisfies:
where
is the Wess-Zumino invariant. Such functional takes only integer values and defines an isomorphism of groups π 3 (SU(3) (U(1) × U(1))) and Z. We obtain this goal by using Novikov's procedure [9] .
II. THE COHOMOLOGY RING OF SU(3)/(U(1)×U(1))
A preparatory step in Novikov's procedure [9] is to calculate the cohomology ring of SU(3) (U(1) × U(1)). In this section we find the cohomology ring of SU(3) (U(1)× U(1)) using the theorem 22.1 of the seminal paper by Chevalley and Eilenberg on cohomology of Lie groups [10] .
Let us fix some notation: let Ω p = ⋀ p su(3) * be the space of skew-symmetric linear functions on su(3), and Ω = ⊕ p Ω p . From theorem 13.1. of [10] follows, that the invariant differential k-forms on SU(3)/(U(1)×U (1)) are in 1-1 correspondence with the forms ω ∈ Ω p , such that:
A form ω ∈ Ω p satisfying those conditions is called orthogonal to u (1) 
be the cocycles of dimension p, and
ort . The relative cohomology group of su(3) mod u (1)⊕u (1) 
It will be convenient for us to use the Cartan-Weyl basis:
The dual basis will be denoted analogously by:
Let us underline, that although we use complex basis, we consider cohomology with real coefficients, i.e. we require that the forms considered are real-valued. Any two-form ω ∈ Ω 2 ort is of the following form:
where ω 1 , ω 2 , ω 3 ∈ R. The cocycle condition dω = 0 leads to a condition on ω 1 , ω 2 , ω 3 :
We choose a basis in the cocycle space Z 2 ort :
The corresponding forms on SU ( 
) and the form σ is not closed:
Therefore
ort , can be written in the following way:
where ω 12 , ω 23 , ω 31 ∈ R. It is easy to verify, that dω = 0 for any ω ∈ Ω 
In particular dσ can be expressed in this basis giving:
The 
Therefore H 
The cohomology ring can be also inferred from the fact, that SU(3)/(U(1)×U (1)) is a flag manifold [8] :
This coincides with the ring we found under the identification:
III. THE INTEGRAL EXPRESSION FOR THE TOPOLOGICAL CHARGE
Having found the cohomology ring of SU(3) (U(1)×U (1)) we can now construct the minimal model of SU(3) (U(1)× U(1)) and apply Novikov's procedure [9] to obtain the integral expression for the topological charge. • M is free;
• there is a chain map Ψ ∶ M → Ω * (M ) which induces an isomorphism in cohomology;
• the differential of a generator is either zero or decomposable.
The minimal model M of the manifold SU(3)/(U(1)×U(1)) has:
• two generators in dimension 2:α,β,
• one generator in dimension 3:σ,
• one generator in dimension 5: τ .
The generators satisfy:
Let α, β, σ denote the differential forms on SU(3) (U(1) × U(1)) corresponding to α, β, σ. Consider a map n ∶ S 3 → SU(3) (U(1) × U (1)). The map induces a homomorphism:
Since H q dR (S 3 ) = 0 for q = 1, 2, the homomorphism n * ψ extends to a homomorphism
called geometric realization. The extension is not unique, however the resulting topological charge does not depend on the choice of geometric realization. We denote images of v α , v β ,α,β,z under ψ n by A, B, F, G, Z. The topological charge is proportional to the integral:
The proportionality factor will be calculated in the next subsection by the requirement, that for each g ∶ S 3 → SU(3) it satisfies:
C. The topological charge
In order to fix the proportionality factor, let us first re-write the Wess-Zumino invariant using the basis κ ± j , κ 3 , κ 8 of su(3):
The proportionality factor is fixed using the following equality:
Therefore we define the topological charge to be:
where n is a map from S 3 to SU(3) (U(1) × U(1)),
are pull-backs of the forms α, β with the map n, dA = F, dB = G and
is the pull-back of the form σ with the map n.
IV. TOPOLOGICAL CHARGE IN TERMS OF SIGMA FIELDS
The field variables in the Faddev-Niemi non-linear sigma model [5] [6] [7] are two sigma fields:
It is therefore instructive to express the forms F, G, Z in terms of those fields. Note, that the field m is auxiliaryit is completely determined by the field n. Indeed, the field g is determined by n up to the U(1)×U(1) phase factor. The columns g 1 (x), g 2 (x), g 3 (x) ∈ C 3 of the SU(3) matrix g(x) are determined by the eigenvalue equations for the anti-hermitian matrix n(x):
. The forms F and G coincide with the Kirillov-Kostant symplectic forms on SU(3)/(U(1)×U (1)) and SU(3)/(SU(2)×U (1)) pulled-back with the maps n and m:
We now calculate the form Z = n * σ. We decompose the form L into a form with values in the Cartan subalgebra of su(3) spanned by κ 3 and κ 8 and a form with values in a space orthogonal to this subalgebra:
One can show, that (see e.g. [5] )
Using this formula we have:
,
and similarly for other terms of this form. On the other hand:
Therefore:
V. SUMMARY AND DISCUSSION
A. Summary
The maps n ∶ S 3 → SU(3) (U(1)× U(1)) can be characterised by the third homotopy group of SU(3) (U(1)× U(1)). We applied Novikov's procedure [9] to obtain the corresponding integral expression for this topological charge. The construction is as follows. We choose specific generators [α] and [β] of the cohomology ring of SU(3) (U(1) × U(1)). They are represented by closed forms α and β given in equation (2.1). The chosen generators satisfy
Therefore there exists a 3-form σ ∈ Ω 3 (SU(3) (U(1) × U(1))) such that
Let F, G, Z be pull-backs of the forms α, β, σ with a map n ∶ S 3 → SU(3) (U(1) × U(1)):
Those pull-backs can be expressed in terms of sigma fields n = gκ 3 g † , m = gκ 8 g † , where g ∶ S 3 → SU(3). The forms F and G coincide with the pull-backs of the Kirillov-Kostant symplectic forms on SU(3) (U(1) × U(1)) and SU(3)/(SU(2)×U(1)) via the maps n and m respectively:
The form Z expressed in terms of the fields n and m is:
Being pull-backs of closed forms, the forms F and G are also closed. Since H ), such that:
Following Novikov [9] we define the topological charge to be
The charge differs from the Shabanov functional by a term − 1 4π 2 ∫ S 3 Z. The charge Q is homotopy invariant and takes only integer values -in fact, it is an isomorphism of groups π 3 (SU(3) (U(1) × U(1))) and Z.
B. Discussion
Shabanov showed that the functional Q S bounds from below the energy functional of the Faddeev-Niemi non-linear sigma model [5] [6] [7] :
It would be very interesting to check, if the topological charge, that we obtained from the Novikov's procedure, still bounds from below the energy functional. Let us note, that the considerations from [7] cannot be easily extended to the charge we study here. The bound found by Shabanov (as well as the Vakulenko-Kapitansky bound) strongly relies on an estimate of the form [3, 7] :
Consider a map U ∶ S 3 → SU(2) of, say, degree 1, and the map g 1 ∶ S 3 → SU(3) studied in the introduction:
Tr σ i U σ j U † . A simple calculation shows that E 4 = 0, however Q = 4. Therefore there will be no such estimate for the charge Q. On the other hand E 2 = 0 and E 4 = 0 means that the configuration of the sigma fields defined by (g 1 )
Tr σ i U σ j U † is not a stationary point of the energy functional (it follows from the virial theorem, see e.g. corollary 2.8 of [11] ). Therefore a possible solution to this problem could be to look for an estimate for stationary points only.
Another important problem is to interpret this topological charge in the language of knotted strings. In the FaddeevSkyrme model the sigma field n is a map n ∶ S 3 → S 2 . A pre-image of a regular value p ∈ S 2 is a closed curve. The Hopf integral can be interpreted as the linking number of pre-images n −1 (p), n −1 (q) of any two different regular values p, q ∈ S 2 . Those pre-images are also lines of force of the magnetic field corresponding to the pull-back with the map n of the Kirillov-Kostant symplectic form on S 2 . Interestingly, a pre-image of a point with the map n 1
is a closed curve (or empty set) whereas a pre-image of a point with the map n 1 = g 1 κ 3 g † 1 is a set of points (or empty set). Therefore in the Faddeev-Niemi non-linear sigma model the topologically non-trivial excitations could be in principle either knot-like (as in the case of map n 1 2 ) or point-like (as in the case of map n 1 ) or could be a mixture of them. It would be also of interest to extend the ideas to the SU(N) case (especially SU(4) since it may be important to non-static Euclidean SU(3) Yang-Mills theory -see discussion section in [5] ). We expect that the calculation will be completely analogous to the calculation in the SU(3) case, a technical difficulty will be in finding the form Z and expressing it in terms of sigma fields.
